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Singularity theory, large activation energy asymptotics, and numerical methods
are used to present a comprehensive study of the steady-state multiplicity features
of three classical adiabatic autothermal reactor models: tubular reactor with internal
heat exchange, tubular reactor with external heat exchange, and the CSTR with
external heat exchange. Specifically, we derive the exact uniqueness-multiplicity
boundary, determine typical cross-sections of the bifurcation set, and classify the
different types of bifurcation diagrams of conversion vs. residence time. Asymptotic
(limiting) models are used to determine analytical expressions for the uniqueness
boundary and the ignition and extinction points. The analytical results are used to
present simple, explicit and accurate expressions defining the boundary of the region
of autothermal operation in the physical parameter space.

Introduction

Autothermal processes allow the heat of reaction to be uti-
lized in such a way to maintain a temperature high enough for
the reaction to occur without any heat or fuel source once the
reaction is started. In autothermal processes, unlike many other
reacting systems, the existence of multiple steady states is to
be maintained rather than avoided. This is because these re-
actors usually operate on the upper or ignited steady state.
Some well known examples of processes carried out in au-
tothermal reactors are the synthesis of ammonia, methanol
and hydrogen. There are three configurations that are com-
monly used for autothermal operation: a tubular reactor with
internal heat exchange, a tubular reactor with an external heat
exchanger, and a continuous flow stirred tank reactor with an
external heat exchanger. In each of these arrangements, the
heat of combustion is used to preheat the incoming feed to
the required temperature at which the reaction occurs. This is
accomplished via countercurrent heat exchange of the hot
product stream and the ambient feed stream.

There have been extensive studies of adiabatic autothermal
reactors in the literature (Van Heerden, 1953, 1958; Baddour
et al., 1965; Ampaya and Rinker, 1977a,b; Inoue¢ and Komiya,
1968, 1978; Mukosei et al., 1968). Van Heerden (1953) first
investigated the steady-state behavior of an autothermal tu-
bular reactor with internal heat exchange using the ammonia
synthesis reactor as an example. He also investigated auto-
thermic processes in which a feedback of heat resulted in the
possibility of multiple steady states. An adiabatic CSTR (con-
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tinuously stirred tank reactor), a plug flow reactor with external
heat exchange, and a tubular reactor with heat dispersion were
considered (van Heerden, 1958). The conditions under which
autothermal operation is feasible were determined either
graphically or numerically for all three reactor models. Mu-
kosei et al. (1968) also investigated the steady-state regimes of
tubular reactors with internal, external and combined heat
exchange. Inoue and Komiya (1968) and Ampaya and Rinker
(1977a) investigated the stability of a tubular reactor with in-
ternal heat exchange with regard to the critical feed temperature
for several different operating and design parameters. Inoue
and Komiya (1968) developed conditions for the stable oper-
ation of the autothermal reactor for both reversible and ir-
reversible reactions. They include approximate analytical
criteria for predicting both ignition and extinction points as
well as the critical stable point (cusp point). The results of this
method are only qualitative and are useful in predicting the
qualitative effect of varying parameters on the stability of the
reactor. Ampaya and Rinker (1977a) adopted a similar ap-
proach and related the critical feed temperature (at extinction)
to various operating and design parameters for the case of the
water-gas shift reaction. Later, conditions for reactor runaway
were also developed by Inoue (1978). Strictly speaking, reactor
runaway is not an issue in the operation of autothermal re-
actors. The concept of reactor runaway, however, is related
closely to the question of reactor ignition and the presence of
multiple steady states. Hence, the use of these concepts allows
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the determination of regions where multiple solutions are pos-
sible and therefore allows the determination of the region of
autothermal operation.

Although many previous studies have examined the existence
of these multiple steady states and the stability of the reactor,
there exist no simple, accurate and explicit criteria for pre-
dicting the conditions under which autothermal operation is
feasible. The goal of this work is to present a comprehensive
analysis of the steady-state behavior of the three classical adi-
abatic autothermal reactor models: a tubular reactor with in-
ternal heat exchange, a tubular reactor with external
countercurrent heat exchange, and a CSTR with an external
heat exchanger. We use the singularity theory, shooting tech-
nique and large activation energy asymptotics and various lim-
iting cases to analyze the steady-state behavior of these three
models. By combining these techniques, we develop simple
analytical expressions for the uniqueness boundary and the
ignition and extinction points.

Autothermal Tubular Reactor with Internal Heat Ex-
change

Mathematical model and method of solution

We consider the case of an autothermal reactor with neg-
ligible heat and mass dispersion with a first-order irreversible
reaction A— B. The downtube (inner or preheating tube) of
the reactor is used as the preheat zone, and the reaction occurs
in the uptube (outer or reaction tube) of the reactor. The
resulting steady-state model is given by:
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Here, y, and y, are the nondimensional temperatures in the
downtube (preheat section) and uptube (reactor section), re-
spectively. x is the conversion of species A, and £ represents
axial position along the reactor (£ =0 represents the inlet of
the preheat section at the top of the reactor, and £ = 1 the inlet
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of the reaction section at the bottom). The four parameters
are: v, the dimensionless activation energy; 3, the adiabatic
temperature rise which is proportional to the heat of reaction
and inlet concentration; Da, the Damkohler number that is
proportional to the residence time; S¢, the Stanton number
that is a measure of the heat transfer between the tubes.
The two energy balance equations (Eqs. 1-2) may be com-
bined to eliminate y,. The resulting equations for y, and x are:

L1 D
o Y\ s ae
L+ BStDa(1 — x)exp{ ——————— 1 =0 (6)
at 14 yys L D
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1 dy,
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CARTPT:
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x(¢=1D=0; y£=0)=0; —=(¢=1)=0. @®)

13
Equations 6-8 may be combined to obtain an invariant:

1 d_y,j

x(§) =Bst dt ®

Substitution of Eq. 9 into Eq. 6 gives a single second-order
differential equation for y,. For convenience, we drop the
subscript and refer to y, as y:

N 9)

2y UG | gy
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»0)=0, y'(1)=0. (10b)

The boundary value problem described by Eq. 10 may be
converted to an initial value problem by using the shooting
technique. Denoting the bottom temperature y(1) as ¢, the
initial conditions are:

y()y=1¢
dy .
E(l)-o. (11)

We then integrate backwards using a standard initial value
package, iterating on the value of f to satisfy the steady-state
equation for the boundary condition at £ =0:

f(t,Da,St,y,8y=3(0,0)=0. +#412)
By treating the problem in this manner, the solution of the

infinite dimensional problem is reduced to that of solving a
single algebraic equation with a single state variable, which is
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the temperature at the bottom of the reactor. Accordingly, we
can apply the results of singularity theory of a single state
variable to examine the bifurcation behavior and multiplicity
features (Balakotaiah and Luss, 1984; Witmer et al., 1986).
This requires generating additional variational equations along
with the appropriate boundary conditions for the singular
points (for details see Witmer et al., 1986; Lovo, 1991). We
use the shooting method in conjunction with the arclength
continuation scheme described by Kubicek and Marek (1983)
to construct the bifurcation diagrams as well as the locus of
the limit points and cusp points.

We assume that the steady-state equation (Eq. 12) satisfies
the conditions set forth by Balakotaiah and Luss (1984). The
bifurcation set (locus of ignition and extinction points) is de-
fined by Eq. 12 and

ar
=0 (13)

Elimination of ¢ between Egs. 12 and 13 gives the bifurcation
set in the (Da,St,v,8) space. The ignition and extinction loci
coalesce at the cusp point. The cusp point is defined by Eqgs.
12 and 13, and

d2
sz; 0. (14)

Elimination of ¢ and Da from Eqs. 12-14 gives the exact
uniqueness-multiplicity boundary in the (S¢,v,8) space: that is,
on one side of this boundary a unique solution exists for all
Da, while on the other side multiple solutions may exist for
some range of Da values.

In practice, it is of interest to know the different types of
bifurcation diagrams that describe the state variable (¢) as a
function of an operating variable (residence time, feed tem-
perature, or concentration). In this study, we are interested in
the flow rate, or equivalently the residence time as the bifur-
cation variable. In Eq. 10, the residence time appears in two
dimensionless groups (Da,S?). Accordingly, we reparameterize
the steady-state equation (Eq. 12) such that the residence time
appears only in the Damkohler number. We define a new
dimensionless group, A, which is independent of residence time
and rewrite:

St=H Da (15a)
UA,
=— 15b
prpfk(Ta)Vr ( )
The steady-state equation (Eq. 12) is now rewritten as:
F(t.Da,H ,~,8)=y(0,1)=0. (16)

The procedure for computing the bifurcation set (limit points)
and uniqueness-multiplicity boundary (hysteresis points) is the
same as described above.

Determination of uniqueness-multiplicity boundary

Since it is desirable to operate an autothermal reactor at an
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Figure 1. Bifurcation diagrams of exit conversion vs.
Damkohler number for different values of 8.

ignited steady state, it is useful then to know for what ranges
of parameter values v,8 and St (or H) an ignited steady state
can exist. Alternatively, for a given activation energy, heat of
reaction and heat transfer coefficient, one would like to cal-
culate the critical inlet concentration below which autothermal
operation cannot be sustained. Figure 1 shows bifurcation
diagrams of the exit conversion vs. the Damkohler number for
fixed values of the Stanton number and the activation energy.
Curve (a) shows that for small values of 3, the conversion is
a unique and monotonically increasing function of the
Damkohler number. Moreover, we observe that the conver-
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Figure 2. Conversion profiles along the reactor for the
extinguished and ignited steady states cor-
responding to Da=1.5E-3 on Figure 1, curve

(b).
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Figure 3. Exact uniqueness-multiplicity boundary pro-
jected in the (v,8), {Da,8), and [{1),5] plane.

U denotes uniqueness; M denotes multiplicity.

sions for this case are very small. Curve (b) shows that for
larger values of 8, multiple steady states exist for a range of
Da. The bifurcation diagram for case (b) exhibits a hysteresis
(s-shape) behavior with an ignited high-conversion steady state
and an extinguished low-conversion steady state. Figure 2 shows
the conversion profiles for an extinguished and an ignited
steady state corresponding to the same Damkohler number on
curve (b) of Figure 1. In practice, it is the high-conversion
steady state which is of interest. To determine for what set of
parameters multiple steady states are possible, we calculate the
uniqueness-multiplicity boundary or the cusp locus using sin-
gularity theory as described above.

Figures 3a to 3c show the cusp locus for various Stanton
numbers projected in the (v,8), (Da,B) and [y(1),3] planes. For
(v,B) values above the curves in Figure 3a, three solutions are
possible for some range of Dag values. Below the curves, a
unique solution is guaranteed regardless of the value of Da.
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Figure 4. Exact uniqueness-multiplicity boundary for the
high heat transfer model (HHTUMB)in the (y,3")
space.

U denotes uniqueness; M denotes multiplicity.

We observe that the curves are described by two distinct asymp-
totes. For large values of 8, the cusp locus approaches a hor-
izontal asymptote at a constant value of vy and y(1), while the
product 8Da remains finite. For small values of 3, the unique-
ness boundary approaches another asymptote for which the
Damkohler number and the products 48 and yy(1) approach
constant values. By defining 8* = 85t and replotting the results,
we also observe a third limiting model for large values of
Stanton number. The uniqueness-multiplicity boundary in the
(v,8") plane becomes independent of Sf and may be expressed
by a single curve shown in Figure 4. (The curves for St= 10,
100 and 1,000 are indistinguishable on the scale used in Figure
4). We now examine each of these limiting models.

High heat transfer model: (St> > 1, < <1, 35t finite)

We shall refer to the limiting curve shown in Figure 4 as the
‘“‘high heat transfer uniqueness-multiplicity boundary”’
(HHTUMB). The limiting model defining this boundary may
be obtained by taking §t> >1, 8< <1 and 3St=8" in Eq. 10.
The resulting model is given by:

d’y » _dy )

d—$2+Da<B —d—‘E)exp{H_y}—O an
y=0; £=0 (18a)
ay . .
d_E—O’ £E=1 (18b)

This model contains only three parameters (y, 87, and Da).
Figure 4 shows the numerically computed exact U-M boundary
of this model. The cusp locus of this model is characterized
by two distinct asymptotes. For 8% < <1, the cusp locus ap-
proaches the asymptote ~B8%=3.777, Da=0.3223,
v¥{(1)=2.165. For 8" > >1, the cusp locus approaches the
asymptote y=4.068, 8*Da=0.3213, y(1)=1.203.
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Positive exponential approximation model: (8< <1,
y>>1, yB finite)

The results for low 8 values in Figure 3 show that the product
vB* approaches a constant value which depends on the Stanton
number. In analogy with the CSTR, we assume that the tem-
perature y,(1) is small compared to unity so that the positive
exponential approximation may be used. Defining

8=vy, B*=vB", (19

the limiting model is given by:

d9 . . 6’

d—£2+Da(B -6 )exp{0+—§} =0 20)
6=0; £=0 (21a)
dé
E=O, £=1. 21b)

Figure 5 shows the computed values of B*, Da and 6(1) at the
cusp point as a function of the Stanton number. Here, we
observe that as St becomes large, the cusp point becomes in-
dependent of the Stanton number. This corresponds to the low
8" asymptote of the HHTUMB, in which we showed that for
high heat transfer, the U-M boundary in the (v,8) plane is
independent of the Stanton number. Thus, for low 8° and
large St values, we can further simplify the above model by
dropping the term 6 /St in the exponent of Eq. 20. The re-
sulting model contains only two parameters, B* and Da. Nu-
merical calculations show that it has a single cusp point at:

6(1)=2.165; B*=3.777; Da=0.3223, (22)

Negligible reactant consumption model: (Da< <1,
8> >1, fDa finite)

The asymptote corresponding to large 8 may be obtained
by neglecting reactant consumption. This simplifies Eq. 10 to:

d? ‘ ‘
—d?);+6exp{'y<y+'%>/<l +y+%;—t)} -0 23)

y=0; £=0 (24a)
P
E =0; £= (24b)
where
6=0StDa. (25)

This model contains only three parameters (8, v, and S). Thus,
for each St number, we can find the values of 6 and v at the
cusp point. Figure 6 shows plots of v, § and y(1) at the cusp
point for various Stanton numbers. In the limit that S¢ becomes
large, we observe the HHTUMB asymptote (St> >1, > >1).
In this case, we neglect the terms ¥’ /St in the exponent of Eq.
23. This is the negligible reactant consumption limit of the
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Figure 5. Dependence of B*, Da, and 0(1) at the cusp
point on the Stanton number for the positive
exponential approximation model.

high heat transfer model described in Egs. 17 and 18. This
model contains only two parameters, (y and 8) and has a single
cusp point (Eaton and Gustafson, 1983) at:

v=4.068; 6=8"Da=0.3213; y(1)=1.203. (26)

Results with residence time as bifurcation variable

It is also of interest to examine the uniqueness multiplicity
boundary in the (y,8,H) space. In this formulation, the flow
rate or equivalently the residence time is isolated in the
Damkohler number. Figure 7 shows the cusp locus for various
values of AHin the (y,8) plane. Above the curves, three solutions
are possible for some range of Da or residence time. Below
the curves, there is a unique solution for all values of the
residence time. In the case of < <1, we observe the same
type of behavior as in the previous formulation: y8H ap-
proaches a constant value. The product y8H also becomes
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Figure 6. Dependence of v, y and § at the cusp point on
the Stanton number for the negligible reactant
consumption model.

independent of H for large values of H. However, for the case
B> >1, the curves do not level off at a constant value of v.
To understand these results we examine the reparameterized
cusp locus for the two limiting cases of the positive exponential
approximation model and the negligible reactant consumption
model.

Here, we describe both the asymptotes by the same limiting
models simply substituting HDa for the Stanton number. Ac-
cordingly, we reparameterize the results shown in Figures §
and 6. For 8< < 1, we keep Da intact and define the following
groups:

H=—. 27
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10° 107 10° 10° 100 100 10°

Figure 7. Exact uniqueness-multiplicity boundary in the
(v.8) space for ditferent values of H.

For the case of 3> > 1, we reparameterize the problem, leaving
v intact and define the groups:

6
BD(I=-S-;;
%=§. (28)

We show the reparameterized plots of cusp points for the
limiting cases of positive exponential approximation model

12

11 f~

10° 10 10? 10°

0.35

030 -
025 |
Da ;0
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0.10

0.05 ;9 10 10° 10°

Figure 8. Dependence of y8H and Da at the cusp point
on H for the positive exponential approxima-
tion model.
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Figure 9. Dependence of y and $Da and at the cusp point
on 8/H tor the negligible reactant consumption
model.

(B< <1,y>>1,y8 finite) and the negligible reactant con-
sumption model (3> > 1,Da < < 1,8Da finite) in Figures 8 and
9.

For the small 8 asymptote, the results are analogous to those
for the Stanton formulation with H replacing the Stanton
number. In Figure 8, we show the values of y8H and Da at
the cusp point for various H values. For large H, the value of
vBH becomes independent of H. We find this limit from the
result of Eq. 22 by using the reparameterized groups defined
in Eq. 27:

YBH=11.722 29
We also observe that both curves have a vertical tangent at
H=1 and that cusp points occur only for H>1.

For the case of the large 8 (negligible reactant consumption
asymptote), we examine the results shown in Figure 9. The
value of the cusp point for this asymptote depends on the ratio
of 8/H. Since we are plotting the cusp points in the (v,5) plane,
this ratio changes constantly along the 8 axis. For the case
that 8/H is small, we see the same asymptote of v =4.068 as
in the previous formulation, but as this ratio becomes large
the value of v at the cusp increases. This explains the behavior
observed in Figure 7 in which the upward turn of the curve
occurs at larger values of 8 for larger values of H. Although
the curve for H=10° appears to level off, the curve turns
upwards at higher values of 8. Only in the limit A= o and
B # o, there is a horizontal asymptote at v =4.068.

The two asymptotes defined above for < <1 and 8> >1
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provide an excellent approximation of the uniqueness-multi-
plicity boundary for autothermal reactors. In practice, 8% is
much smaller than unity so that the asymptote defined by Eq.
22 provides the required approximation for the exact unique-
ness-multiplicity boundary. We note that the low 8* asymptote
of the HHTUMB provides an exact boundary for uniqueness-
multiplicity in the case that the Stanton number is large and
a conservative prediction for multiplicity in the case that the
Stanton number is small. That is, if the values of y and 8"
are such that they lie above this boundary, then autothermal
operation is possible for some range of Damkohler numbers.
For the reparameterized problem, in which residence time is
the bifurcation variable, we note that Eq. 29 defines the con-
ditions for autothermal operation. By examining Figure 8, we
observe that this is an exact criterion for large H and a con-
servative boundary for multiplicity when H is small. We note
the exception for the region near H = 1. However, typical values
of H do not fall in this region. Therefore, for all practical
cases in which H> 100, we can define a general criterion for
autothermal operation as

YBH>11.722 (30a)
or in terms of physical parameters,
E (—AH))cy UA,
>11.722. 305
RT, p,C,T, pCpuk(T,)V, (308)

If Eq. 30 is satisfied, an ignited steady state exists for some
range of residence times. On the other hand, when Eq. 30 is
not satisfied, autothermal operation is too feeble to maintain
an ignited steady state for any reactor length or flow rate.

Determination of bifurcation set (ignition and extinction
locus)

The cusp locus determined in the previous section is useful
for determining for a given system (characterized by vy, 8 and
H or St) whether multiplicity is possible for some range of
Damkohler numbers or equivalently residence times. However,
if we are interested in determining for what Damkohler num-
bers or residence times these multiple solutions occur, we must
examine the bifurcation sets (or equivalently, the locus of ig-
nition and extinction points). The bifurcation set for the full
mathematical model is a surface in the four dimensional space
(v, B8, St, and Da). Here, we present cross-sections of the
bifurcation set in the (S¢,Da) space for typical values of vy and
8. Since we are interested in cases where vy is large and 8 is
small, it follows that St at the cusp is large. We note that in
this case, we may simplify the determination of the bifurcation
set by eliminating an additional parameter (S¢) by considering
the high heat transfer model described by Eqs. 17-18. This
model is defined by the parameters (y, 8", and Da). Figure 10
shows a cross section of the bifurcation set for the high heat
transfer model in the (8" — Da) plane for v =30, along with
two cases for the full model for 8=0.1 and 8=0.01. For the
case of $=0.1, we see that there is a slight discrepancy near
the region of the cusp point, but otherwise the ignition and
extinction points predicted by the high heat transfer model are
very close to those of the full model. For the case of 3=0.01,
the two curves are almost indistinguishable. Although the bi-

Vol. 38, No. 1 107



Figure 10. Cross-section of the bifurcation set in the
(8",Da) plane for the high heat transfer model
and the full model.

furcation set for the high heat transfer model depends on fewer
parameters, it must be computed numerically for each acti-
vation energy of interest. We attempt to develop, therefore,
analytical approaches so that one can easily and accurately
determine the ignition and extinction points.

Prediction of ignition points (Frank-Kamenetskii model)

We can determine the ignition locus analytically by assuming
negligible reactant consumption and by using the positive ex-
ponential approximation. The resulting model follows from
Eqgs. 20 and 21 by neglecting reactant consumption.

da

2t A=

A 0 31
#=0; £=0 (32a)
df

———= :1

s 0; £=1, (32b)

where
A=+yBStDa. (33)

This is the classical Frank-Kamenetskii thermal explosion model
(Frank-Kamenetskii, 1969). This model has an ignition point
at

A=0.8785,

6(1)=1.187. (34)

Prediction of extinction points

For the determination of extinction points, we are not able
to make any simplifying assumptions. However, we are able
to simplify the task of finding the extinction points by treating
the problem in the following manner. We integrate Eq. 9 over
the length of the reactor to obtain a relationship between bot-
tom temperature and exit conversion x, = x(0):

y(1)=8"x.. (33)
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In addition, we assume that for the case of high heat transfer,
the reaction occurs in a very small portion of the reactor (point
source) and the reactor tubes act only as the heat exchanger.
Thus, the temperature in the reactor can be approximated by
the linear profile:

HE)=B"xcE. (36)
The steady-state equation is obtained by integrating the mass
balance. Thus, the ignited steady states are described by the
equation:

F(xev,8",Da) = Da—g(x.sy,8) =0, 37

where

=In(1-x.)
exp[v(B”x.£)/ (1 + 8" x.$)1d¢

g(Xes'Y’ﬁ*)z Sl (38)

0

We note that g(0)=0 and g(1)=o, and g is a single valued
function of x,. For large values of v (y>20), an excellent
approximation of the function g(x.) is given by:

* 1 -'YB*Xe
¥8” x.In <1 - xe) exp il " 5*xl

(1 +8"x)

g(xe>v,8%) = (39

The extinction point of this model is defined by the minimum
of the above function. It may be obtained by the simultaneous
solution of Eqgs. 37 and 39 and

dg

—=0. (40)
dx.

It is not possible to obtain an explicit analytical expression for

the extinction locus. However, we can express the locus in a

parametric form:

B* =G(xesv) (41a)
Da=glxe1,Gxe],  0<x.<X.), (41b)
where X: is defined by:
B(x.)!—4C(x,)=0 (410
and
B(x.) =V B(x.)’ - 4C(x.)
G(xery)= 41
(XerY) 2000 41d)
Xe
A(><e)=l+—1 (41e)
(1 - x)In <—)
1- Xe
Y+2
B(x)=--—-2 41
(Xe) A0 41/
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Figure 11. Cross-section of the bifurcation setin (3*,Da)
plane for the high heat transfer model com-
pared with analytical expressions for the ig-
nition and extinction points (dashed curves)
for y=30.

10°

Clx)=1 (41g)

T A

We note that the conversion is nonmonotonic along the
extinction branch. The lower portion of the extinction branch
is described by Eq. 41d with the negative sign. At the critical
value, X: , the discriminant becomes zero and the conversion
reaches a maximum. The extinction branch is then defined by
Eq. 414 with the positive sign. Figure 11 shows the approxi-
mated bifurcation set along with the numerically calculated
bifurcation set for the high heat transfer model. We observe
that these approximations describe the bifurcation set very
accurately. Therefore, in the cases where the heat transfer is
high (almost all practical cases), these approximations may be
used to determine the ignition and extinction points.

Results with residence time as bifurcation variable

Above, we considered cross-sections of bifurcation sets in
the (St-Da) or equivalently (3*-Da) plane. We note, however,
that the residence times at the ignition and extinction points
in terms of H, v and 8 can be determined from these diagrams.
This can be done by using the bifurcation set in the (3*,Da)
plane and following lines of constant slope (= 3H). Along these
lines, 8* and Da change linearly with the residence time. There-
fore, following these lines of constant slope corresponds to
increasing the Damkohler number in the reparameterized prob-
lem. The intersection of these lines with the bifurcation set in
the (3",Da) plane gives the ignition and extinction points. The
approximate expressions derived above may be rewritten to
obtain the residence times at ignition and extinction:

0.8785\ >
G(X.»)
=l 43
B = sG] “a)
Dacxl = g[XE"Y’G(Xes'Y)] » (43b)
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Figure 12. Cross-section of the bifurcation set in the
(8H,Da) plane for the full model (y =30 and
g =0.1)and the analytical expressions for the
ignition and extinction points (dashed
curves).

where G(x,,y) is as defined in Eq. 41. Figure 12 shows the
computed bifurcation set for the full model for v=30 and
B=0.1, along with the expressions given for predicting the
ignition and extinction locus in Eqgs. 42 and 43. Typical values
of H are from 10* to 10%. Again, we see that these analytical
expressions approximate the bifurcation set extremely well.

Tubular Reactor with External Heat Exchange

Tubular reactors often utilize external rather than internal
heat exchange to achieve autothermal operation. In this case,
the products and reactant are passed through a countercurrent
heat exchanger which is external to the reactor. The auto-
thermal reactor with external heat exchange is described by
the following mathematical model. The reactor is described
by the plug flow model:

% _ 8Da(1 - xexp (1/(1 + )

dE 44)
dx
d—E=Da(l —x)exp{yy/(1+ )} 45)
with boundary conditions
x(©@=0; y(0)=y,. 46)

The balance for the heat exchanger results in the following
relationship between the reactor inlet and outlet, and the exit
temperature of the heat exchanger y.:

HN0)=Sty. “7n

y)=Qa+S8Hy.. (48)

Combining Eqs. 44-48 gives the following steady-state equa-
tion for the exit temperature:
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(1+Shy,

dy

% exp <__1w 3 (B+Sty,~y)
+y

Determination of uniqueness-multiplicity boundary

Da=

(49)

The cusp locus of this model may be found using the sin-
gularity theory for a single algebraic equation (Balakotaiah
and Luss, 1984). Figure 13 shows the uniqueness-multiplicity
boundaries in the (y,8") plane for various St numbers. We
note that the same limiting models (high heat transfer, positive
exponential approximation, and negligible reactant consump-
tion) occur for both cases of internal and external heat ex-
change. Since we are generally interested in large values of the
Stanton number, we focus on the results for the high heat
transfer model. For this case, we can simplify Eq. 49 as:

- ‘YStye 6
= . 50
Da=exp (l " Stye> In <B _y()) (50)
For convenience, we rewrite Eq. 50 substituting
Sty,=B*x = BStx, (51)
where x is the conversion of the reactant:
—-v8*x 1
= —. 52
Da eXp(l+(3'x>ln(l—x> (52)

We can find the cusp locus of this equation in a parametric
form:

. 1+In(1-x)

8= :
o)
-X

4(l—x)ln<——-1 )
1-x
v= 1
t(2—x)ln(—1 )—xJ[Hln(l—x)]
-X

1 - 2x
Dg=1In ex O0<x<l—-e,
(1 —x) p{(?-—x)ln(l —x)+xz X

(53)

For the low 8" asymptote (8" —0), the steady-state equation
simplifies to:

Da= —exp(—6)in (1 - %) y (54a)
where
0=vSty.=v8"x
B =48". (54b)
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Figure 13. Exactuniqueness-multiplicity boundaryin the
(v,8") space for different Stanton numbers for
the autothermal tubular reactor with external
heat exchange.

U denotes uniqueness; M denotes multiplicity.

The cusp point of this model is given by:

B*=e. (55)
For the case that residence time is taken as the bifurcation
variable, we observe the following criterion for autothermal
operation

YBH>e®=15.154, (56a)
or in terms of physical parameters
E (-AH,)Cu UA,
>e®=15.154. 56b
RTO Tv Pr Cpf Pf Cpfk( To) Vr ( )

For the case of negligible reactant consumption, (3*> >1,
Da< <1), Eq. 52 simplifies to:

*Da= —vﬁ*x . 57
8" Da=exp 1+ 6y 8 x (57

The cusp point for this model is given by:
B'x=1; y=4; B*Da=e > (58)

The asymptotes given by Eqs. 55 and 58 correspond to
x—1-e7! and x~0, respectively, in Eq. 53.

Determination of ignition and extinction points

We can also determine the locus of ignition and extinction
points for the high heat transfer model described by Eq. 52.
The limit points of the high heat transfer model can be de-
scribed in a parametric form by Eq. 52 and

g+ _J00 =22V A 4100

2x

0<x<x", (59a)
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where
(1-)ln (L>
1-x

S =v (590)

and x" is defined by

Six")-4=0. (59¢)
We note that both the ignition and extinction points can be
determined for the case of residence time as the bifurcation
variable by substituting 8* = 8HDa into Eqs. 52 and 59.

Autothermal CSTR

We also compare the above results to those for an auto-
thermal CSTR in which the effluent from the reactor is passed
through a heat exchanger to preheat the feed. For this case,
there is multiplicity even in the case that the Stanton number
is zero. The conversion in an autothermal CSTR is given by:

x=Da(1 - x)exp <17f gx) , (60)

where
B=p01+Sp (61a)
y=Bx, St=HDa. (61b)

Equation 60 is identical in form to that of the adiabatic CSTR
with B playing the role of 8. For the high heat transfer model
(St> > 1), we note that 3=8".

Determination of uniqueness-multiplicity boundary

In analogy with the case of the tubular reactor with both
internal and external heat exchange, we investigate this model
for the high heat transfer limit by replacing 3 with 8*. The
cusp locus can be written in the following parametric form:

200 +1
y=20tD oy (62a)
y
.
A 62b
B -1 (620)
Da=122 02 (62¢)
1+y

Elimination of y from Eqs. 62¢ and 62b gives an analytical
expression for the uniqueness boundary in the (y,8%) plane
v8* /(1 + 8*)=4 (Aris, 1969). From Eq. 62, we observe the two
asymptotes for the limits of small and large g*. For 8*< <1
and y> > 1, or equivalently y—0, the cusp locus approaches
the asymptote described by:

v8*=4; @=yy=2; Da=e > (63)
For 8*> >1and Da< <1, the cusp locus approaches the neg-
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ligible reactant consumption asymptote:
vy=4; B'Da=e% y=1. (64)

The criterion for autothermal operation for small 8* follows
from Eq. 63. An ignited steady state is possible only if

YBH >4e*=29.556 (65a)
or equivalently
E (—-AH)C, UA,
>4e%=29.556. (65b
RT, T,p;Cp p;Crik(T,)V, (650)

While the CSTR exhibits multiple steady states even for S¢=0,
a comparison of Eq. 65 with Egs. 30 and 56 shows that for
large St values it is more difficult to achieve autothermal op-
eration with a CSTR than a tubular reactor with internal or
external heat exchange.

Determination of ignition and extinction points

We can also determine the locus of ignition and extinction
points analytically for the CSTR with external heat exchange.
Again, we consider the case of high heat transfer. Analytical
expressions for both the ignition and extinction points may be
obtained by solving for

dF
F=0, —=0, (66)
dx

where F is the steady-state equation defined by Eq. 60 with
B* replacing . Differentiating F and substituting Eq. 60 give
the following expression for the conversion at the ignition and
extinction points:

B*B*+1x*+B8"2—v)x+1=0. 67

For each value of (y,8%), we may obtain the values of the
conversion at the ignition and extinction points by solving for
the roots, x., of the above quadratic equation. The corre-
sponding value of the Damkohler number at the limit point
(ignition or extinction) may be obtained by substituting the
values of v,8" and x, into the steady-state equation:

Xc —vB8"x.
Da.= exp .
T-x) <1 +B*xc)

We can get a more explicit form for both the ignition and
extinction points by making the standard approximations. For
the ignition point, we use the positive exponential approxi-
mation. Since we are interested in the lower extinguished
branch, we assume that reactant consumption is negligible or
that x < <1 and define:

9=v8"x, B"=vB". (69)

(68)

The resulting steady-state equation is given by:

]
Da= 0;7. (70)
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The ignition point of this equation is given by:

n

For the extinction point, we can simplify the analysis by using
large activation energy asymptotics. The Damkohler number
at the extinction point is given by:

Daexl = (l‘y—fﬁi)z €Xp {I—:Z*} . (72)

When the residence time formulation is used, Eq. 71 may be
rearranged as:

(73

The extinction point may be given in a parametric form given
by Eq. 72 and

BH = (74)

g+ (a8
Daw v CRITig*

Practical Criteria for Strong Autothermal Opera-
tion

In practice, autothermal reactors are operated on the ignited
high-conversion branch at residence times that are slightly
higher than at the extinction point. It is of interest to determine
the critical flow rate and feed temperature (corresponding to
the extinction point) as a function of the design parameters
such as the adiabatic temperature, activation energy, and de-
gree of preheating. This can be accomplished by rewriting the
steady-state equations using the following substitutions:

E E Ty

“RT, R T,

Y

V. k(T%)

TR= T0+ATadSt; DaR= (75)

Here, (Tz—T,) is the maximum possible preheating of the
reaction mixture. On the ignited branch where the conversion
is close to unity, T is approximately equal to the reaction
temperature. yg is the dimensionless activation energy at Tk,
and B; is the ratio of the preheating to 7. Substitution of
Eq. 75 into Eqs. 37 and 39, and dropping of the subscript e
on x, gives:

nﬁ:: X 1 'YRB;( 1-x)
Day = 1 . 76
=182 — 0T n(l—x)exD{l—Bﬁ(l—x)} 76)
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Figure 14. Boundaries of the region of autothermal op-
eration for the tubular reactor with internal
heat exchange.

The top diagram gives the critical flow rate and the bottom
diagram gives the critical feed temperature.

Similarly, for the autothermal reactor with external heat ex-
change, we get:

(1 YeBr(1 =)
DaR—ln<1_x>expL_6;(1_X)}, 7)
while for the CSTR,
{ x YeBr(l = )
Dax= (1 —x) °"p[1 —Bi(1 ~x)} 7

Figures 14-16 show the extinction locus of each of the above
three reactor models for typical values of vz=20, 30 and 40.
The curves for these three different values of vy, are nearly
coincident so that a single curve may be used to define the
boundary of the region of parameters in which autothermal
operation is feasible. We can further use large activation energy
asymptotics to obtain simple and accurate expressions to de-
scribe these three curves. We make use of the fact that the
conversion at the extinction point is close to unity so that the
approximations,

and

x=1 (79a)

Brl-x)< <1, (79b)

are valid. The steady-state equations (Eqs. 76-78) may now
be simplified to:
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Figure 15. Boundaries of the region of autothermal op-

eration for the tubular reactor with external
heat exchange.

The top diagram gives the critical flow rate and the bottom
diagram gives the critical feed temperature.

*
R

* B
Dar=Bre’'n (T) (internal heat exchange) (80a)

*

B
Daz=¢'ln <7R> (external heat exchange) (80b)

U

e
DaR=B; (—) (CSTR with external heat exchange),

v
(80¢)
where
v=Br(1—x) (81a)
and
. « FE AT,
BR:YRBR:R—?}._T:-S{ (815)

For the autothermal reactor with internal heat exchange, the
extinction locus is given in the following parametric form:

1
Day=exp (v + ;)

* 1
BR=vexp(;>, O<v<l. (82)
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Figure 16. Boundaries of the region of autothermal op-

eration for CSTR with external heat ex-
change.

The top diagram gives the critical flow rate and the bottom
diagram gives the critical feed temperature.

Similarly, for the case of external heat exchange, we can express
the extinction locus in a parametric form:

v

Dap=—
v

* 1
BR=vexp<l—)>, O<v<]. (83)

For the CSTR with external heat exchange, we are able to
derive the following explicit criterion:

Dag = Bge. (84)
When these analytical expressions are compared to the nu-
merical results of the extinction points obtained from Egs. 76-
78 shown in Figures 14-16, the curves are essentially indis-
tinguishable. We also note that all three of the curves of
(T,/Ty) vs. By intersect the ordinate near 1 and approach a
slope of — 1. We can see this resuLt more easily by examining
the relationship between yr and 8z

l * *
—=1-8g+Br(1—x). (85)
Yr
For conversions close to unity, Eq. 85 becomes:
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T, *
il
TR BRs

(86)

which is valid for all three reactor models. Thus, Eq. 86 may
be used to estimate the critical feed temperature, while Eqs.
82-84 give the critical flow rate determining the boundary of
the region of autothermal operation,

Conclusions

This work provides a comprehensive analysis of the multi-
plicity features of three classical adiabatic autothermal reactor
models: tubular reactor with internal heat exchange, tubular
reactor with external heat exchange, and the CSTR with ex-
ternal heat exchange. We analyzed the mathematical model
using two different formulations. In the first case (Stanton
formulation), the flow rate and reactor length enter in both
the Stanton number and the Damkohler number. In the second
case, the effect of flow rate or residence time is isolated in the
Damkohler number.

Important results include the determination of the exact
uniqueness-multiplicity boundary along with the two asymp-
totes of this boundary for 8< <1 and 3> >1. For the first
case (Stanton formulation), we observe a third limiting model
for large Stanton that corresponds to high heat transfer in
which the uniqueness-multiplicity boundary becomes inde-
pendent of the Stanton number. Of particular interest to au-
tothermal reactors is the asymptote for 3< <1, or the case
where inlet concentrations are small. For this case, we deter-
mined the criterion for autothermal operation (existence of
multiple solutions for some range of residence times) to be
vBH > 11.722 (internal), 15.154 (external), and 29.556 (CSTR).
Thus, we see that autothermal operation is the easiest to obtain
for the tubular reactor with internal heat exchange and the
most difficult to obtain for the CSTR.

The above expressions (based on the uniqueness-multiplicity
boundary) provide a weak criteria for autothermal operation.
That is, these conditions must be satisfied for the existence of
an ignited steady state for some range of residence times. To
determine the operating conditions needed to achieve strong
autothermal operation, we derived the criteria (locus of ex-
tinction points) in terms of feed temperature and flow rate.
We also expressed these in terms of the reaction temperature,
instead of the feed temperature. This is useful as in many
practical cases the reaction temperature is specified and re-
action rate at this temperature is known. In this case, the
criteria given by Eqs. 82-84 and 86 give the critical flow rate
and critical feed temperature needed for the autothermal op-
eration. The approach that we have developed can also be
extended to determine both strong and weak criteria for au-
tothermal operation for other types of kinetic expressions (nth-
order reactions) as well as reversible reactions.
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Notation
A, = heat exchange area
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dimensionless parameter
E AT,y UA,

RT, T, qp,C,

Bp = dimensionless parameter
= E AT, UA,

RTy T qp,Cy
concentration of species A
Cy heat capacity per unit mass of fluid
Damkohler number at inlet conditions
K(T,)V,

o
N
([nI]

q
Damkohler number at reaction conditions
kK(Tp)V,
.q .
activation energy
dimensionless overall heat transfer coefficient defined by
Eq. 15b
heat of reaction
first order reaction rate constant
length of reactor tube
volumetric flow rate
universal gas constant
Stanton number
UA,

apsCpr

state variable

absolute temperature
adiabatic temperature rise
( —AH,)cq

prCpr
overall heat transfer coefficient
dimensionless parameter, defined by Eq. 81a
Volume of reactor
dimensionless temperature, defined by Eq. §
ratio of reaction temperature to feed temperature,
T/T,
= axial distance along reactor

Tty
o

£

Vg

11 T O I I 1

~
oo

W

=
|

Greek letters

B = dimensionless adiabatic temperature rise, defined by Eq.
5
dimensionless adiabatic temperature rise (reaction), de-
fined by Eq. 75
maximum possible preheating parameter
AT,y St
T,

Br = maximum possible preheating parameter

= ATy,

Ty
= maximum possible preheating parameter, defined by Eq.
6la
dimensionless parameter, defined by Eq. 25
Frank-Kamenetskii number, defined by Eq. 33
conversion of species A
dimensionless activation energy, E/RT,
dimensionless activation energy (reaction), E/RTy
dimensionless temperature =7y
density
dimensionless axial distance along reactor

Br =

i)
*
L]l

St

R Po T
|

LI |V [ [ R A1

2

WD >

Subscripts

preheat tube (downtube)
exit

extinction

fluid

ignition

inlet conditions

(LYY

O MmN,

e
>
[d
LI I T
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reactor tube (uptube)
reaction conditions
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u
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